ABSTRACT. In this paper we prove that a smooth family of canonically polarized manifolds parametrized by a special (in the sense of Campana) quasi-projective variety is isotrivial.
1. INTRODUCTION A conjecture of Shafarevich, settled by Parshin, asks for a smooth family of canonically polarized varieties (canonical bundle is ample) over a non-quasihyperbolic curve to be isotrivial. Striving to formulate this statement when the dimension of the base is greater than 1, Campana has proposed the notion of special quasi-projective varieties (see the definition 1.2 below) as higher dimensional analogues of such 1-dimensional objects and conjectured that similar results should hold over a base of any dimension. The stronger conjecture 1.1 has also been settled when the dimension of the base is at most 3 by Jabbusch and Kebekus [JK11b, Thm. 1.5]. In the final section (section 5), after following Campana and Paun's proof of Viehweg's conjecture very closely, we give a proof to the isotriviality conjecture 1.1. The proof heavily depends on a recent generic semi-positivity result of Campana and Paun (see 3.1), existence of log-minimal models for klt pairs with big boundary divisors established by [BCHM10, Thm. 1.A. Acknowledgements. The author would like to thank his advisor, S. Lu, for his invaluable help, guidance and support. He also owes a debt of gratitude to F. Campana for his encouragements, generosity, and many fruitful discussions. The author would like to express his sincere thanks to S. Kebekus for his careful reading of the first draft of this paper and many kind and inspiring suggestions. A special thanks is owed to E. Rousseu for his keen interest, specially for drawing the author's attention to a definition of Miyaoka, a variant of which appears in this paper.
PRELIMINARIES
To approach the isotriviality conjecture 1.1, it is essential to work with pairs (or the orbifold pairs in the sense of Campana) instead of just logarithmic ones. We refer the reader to [Cam08] and [JK11b] for an in-depth discussion of the definitions and background. In the present section we give a brief overview of the key ingredients of this theory that is necessary for our arguments in the rest of the paper. 
The following definition requires a notion of pull-back for Weil divisors on normal varieties for which we refer to [JK11b,  
where b i 's are the positive integers defined in 2.2.
Definition 2.5 (C-cotangent sheaf). Let (X, D) be a normal pair and γ : Y → X a corresponding adapted cover. Let U be the smooth locus of (X, D), i.e. U ⊆ X is the maximal open subset of X such that (U, D| U ) is a smooth pair. Define F to be the locally-free O Y -module sheaf on V := γ −1 U, locally generated by the generators of the two locally-free sheaves: γ * (Ω X log(⌊D⌋)| U ) and E , where E is the kernel of the sheaf morphism
induced by the natural residue map. We define the C-cotangent sheaf Ω 
. 
which follows from the ramification formula for the adapted cover γ:
for H := γ * H, where H is the very ample divisor defined in 2.3. As a consequence, we find that 2.7.1 holds by construction:
by the ramification formula.
be a smooth pair and V x an analytic neighbourhood of a point x ∈ X equipped with a coordinate system z 1 , . . . , z n such that supp(D)
where
Remark 2.9 (An equivalent definition). Following [JK11b, Def. 3.5] we give an equivalent description of the sheaf of symmetric C-differential forms: Let V x be the same analytic neighbourhood as in 2.8 and take γ :
so that in particular σ has at worst logarithmic poles along those prime divisors in W that dominate ⌊D⌋ ∩ V x , and is regular otherwise. 
where f ∈ O x with no zeros along D i 's, is the explicit description of σ.
Thus σ is also a symmetric C-differential form on V x in the sense of 2.8.
Remark 2.11 (Tensorial C-differential forms). Similar to the definition 2.8 and 2.9.1, and for every N ∈ N + , we define the sheaf of tensorial C-differential forms
As we will see in section 4 the Viehweg-Zuo subsheaves generically come from the coarse moduli after extending the sheaf of standard differential forms to that of C-differential forms associated to the naturally imposed C-structures or orbifold structures (see [Cam08, Sect. 3] 
Remark 2.13 (Comparing Kodaira dimensions). When D = 0 or when D is reduced the sheaf of symmetric orbifold-differential forms Sym
r Ω 1 X and Sym r Ω 1 X log D, respectively, so that the C-Kodaira dimension of a rank one coherent subsheaf L of Sym
We finish this section by collecting the various notations that we have introduced in the following table. We now prove an important corollary of 3.1 in the setting that we shall need for the proof of 1.4, that is we will assume that (X, D) is a smooth pair. But we would like to point out that not much more work is needed to similarly prove this corollary for any lc pair.
for every collection of (n − 1) Q-Cartier nef divisors P 1 , . . . , P n−1 the following inequality holds:
Proof. Since for any fixed ample divisor H in X the equality
holds as t → ∞, it suffices to prove that
for any collection of (n − 
To this end, we fist observe that by 2.7.1 the sheaf isomorphism
We know by definition 2.8 that (γ * L )| C is a subsheaf of (Ω 1 Y ∂ ) ⊗N | C . Let us for the moment assume that this is a saturated inclusion. As a result (γ * L * )| C is a quotient of the dual of the locally-free sheaf given in the right-hand side of the isomorphism 3.2.3. Thus we arrive at the following exact sequence of locally free sheaves on C:
Here 3.1 applies and we find that
holds. The required inequality 3.2.2 now follows by the projection formula. 
powers of saturated subsheaves of locally-free sheaves remain saturated. At this point we can argue, as we did in the case of γ * L , to find that the inequality
holds. Now from 3.2.5 we can readily establish 3.2.4. Then again 3.2.1 follows from the projection formula, as required.
VIEHWEG-ZUO SUBSHEAVES IN THE PARAMETRIZING SPACE
The fundamental result of Jabbusch and Kebekus [JK11b] shows that the symmetric C-differential forms is the correct framework to study the positivity of subsheaves of forms in the coarse moduli space of the canonically-polarized manifolds. In this section we give a brief explanation of how one can then reduce the isotriviality conjecture 1.1 to the problem of showing that existence of rank one subsheaves of the sheaf of symmetric C-differential forms, attached to a smooth pair, with maximal C-Kodaira dimension implies that the given pair is of loggeneral type (see 4.3.1). To prepare the correct setting for this reduction, we introduce a notion that, as far as the author is aware, is originally due to Campana. 
The interest in the neat models of pairs that are equipped with fibrations, is twofold. First, the conditions 4.1.1 and 4.1.3 ensures that h * defines a pull-back map from symmetric C-differential forms Sym . Let ∆ 1 ⊂ Z 1 denote the log-discriminant locus defined by the fibration h 1 and the divisor D 1 . Recall that ∆ 1 is the smallest closed subset of Z 1 such that h 1 is smooth over its complement and that for every z 1 ∈ Z 1 \∆ 1 , the set-theoretic fiber h −1 1 (z 1 ) is not contained in D 1 and that the scheme-theoretic intersection of the fiber Y 1z 1 with D 1 is snc in Y 1z 1 . Now let α 2 : Z h → Z 1 be a desingularization of Z 1 such that the maximal reduced divisor in the supp(α
Set Y 2 to be the normalization of the fiber product Y 1 × Z 1 Z 2 , and µ 2 the naturally induced birational morphism. Define D 2 in Y 2 by the maximal reduced divisor contained in the supp(µ
Now set D 2 to be the maximal reduced divisor in supp(µ −1
3 ). Note that h 1 remains equidimensional under the base change of α 2 , i.e. h 2 is also equidimensional. This implies that when we desingularize Y 2 by µ 3 , every h-exceptional divisor is µ 3 -exceptional. Let E 3 be the sum of all h-exceptional prime divisors in Y h and define D h := D 2 + E 3 to be the extension of D 2 by E 3 . We finish by defining the birational morphisms µ and α in 4.1 by (µ 3 • µ 2 • µ 1 ) and (α 2 • α 1 ), respectively. Now by construction, the C-structure ∆ h on Z h induced by D h and h defines a smooth pair (Z h , ∆ h ), as required. 
12 for the definition) and m is a sufficiently large positive integer. With no loss of generality we may assume that m = 1, so that A ≤ L.
5..1.
Step 1: A minimal model for (X, P). Since (X, P) is smooth (property 5.1.2), P is big and ⌊P⌋ = 0 (peroperty 5.1.1), according to [BCHM10, Thm. 1.1] (X, P) admits, after a finite sequence of divisorial contractions or log-flips, either a log-minimal model or a Mori fiber space. But K X + D is pseudo-effective (property 5.1.3), therefore (X, P) has a log-minimal model (X ′ , P ′ ). Let π : X X ′ be the corresponding birational map which can be then resolved by a suitable modification µ : X → X such that the resolution π : X → X ′ is a morphism and that
x xX ′ Now by construction π −1 doesn't contract any divisors. As a result we can find an open subset U ∈ X ′ such that codim X ′ (X ′ \U) ≥ 2 and that π −1 | U and π −1 | U are isomorphisms.
Fix an ample divisor H in X ′ and take r to be any positive integer. Let l r be a sufficiently large positive integer such that the linear system |l r (K X ′ + P ′ + 1 r H)| is non-empty and basepoint-free and that every general member B r ∈ |l r (K X ′ + P ′ + Step 2: The volume of (K X ′ + P ′ ). 
